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ABSTRACT
We onstrut the o-shell BV realization of N = 1, d = 10 SYM with 7 auxillary elds. This beomes
possible due to materialized ghost phenomenon. Namely, supersymmetry ghosts are oordinates on a manifold
B of 10-dimensional spinors with pure spinors ut out. Auxillary elds are setions of a bundle over B, and
supersymmetry transformations are nonlinear in ghosts. By integrating out axillary elds we obtain on-shell
supersymmetri BV ation with terms quadrati in antields. Exatly this on-shell BV ation was obtained in
our previous paper after integration out of auxiliary elds in the framework of Pure Spinor Supereld Formalism.
1 What is materialization?
Reent investigations of what we should all by symmetry of the system reveal that all empirial notions may
be expressed in terms of the very powerful Batalin-Vilkovysky (BV) formalism. Moreover, we believe that this
formalism should be onsidered as a guiding line in extension of the very notion of what we all symmetri
system. In our previous paper [1℄ we explained how BV treats what one may all on-shell symmetry (with
ontrol of terms proportional to the equations of motions) on the example of supersymmetry. In the present
paper we will explain the new phenomena - the materialization of the superghosts - again in BV formalism. In
one sentene it means replaing
δφi → ǫavia(φ) (1)
by
δφi → vi(ǫ, φ), (2)
where v is a homogeneous funtion of degree 1 in ǫ, not neessarily linear. If we onsider ǫ as a parameter (as
in the standard "Lie group" way of treating supersymmetry) non-linear expressions in ǫ have no sense. In BV
philosophy ǫ should be treated as a ghost rather than as innitesimal parameter. This dierene is essential -
nonlinear funtions of degree 1 are dierent from linear ones only if ǫ is even, it means that the ghost point
of view turns out to be interesting for supersymmetry. Perhaps, that is why nonlinear eets what we are
disussing here were missed before.
In whih sense the transformations (2) lose? Traditionally, people would advoate
{
vi(ǫ, φ)
∂
∂φi
, vi(ǫ′, φ)
∂
∂φi
}
= (ǫγµǫ′)Pµ (3)
Here Pµ is the generator of translations, and γµ are standard γ-matries. Here we stress that the proper
expression is a little bit dierent
{
vi(ǫ, φ)
∂
∂φi
, vi(ǫ, φ)
∂
∂φi
}
= (ǫγµǫ)Pµ (4)
(there is no ǫ′ in (4)). Expression (4) is the essene of ghost materialization approah.
Note, that (3) and (4) are equivalent for linear transformations while they are not equivalent for nonlinear
ones. That is why the systems of equations oming from (3) and (4) are dierent. Authors of [2℄ nd 9-
dimensional spae of supersymmetries, following the standard approah (3). While following the materialized
ghost approah it is possible to reonstrut the full 16-dimensional spae of solutions.
Nonlinear equations arising from (4) mean quite an interesting thing - the ghost ǫ turns out to be a point
on a manifold of nontrivial topology rather than a linear oordinate on the algebra (with reversed parity).
That is why ghosts enter the game on the equal footing with the matter elds, they are bosoni and span
the manifold of possibly nontrivial topology (i.e. they are getting shape). That is why we are alling this
phenomenon materialization.
1.1 BV approah to the notion of symmetry
Aording to BV approah the symmetri system means that the BV ation S(Φ,Φ∗, c, c∗) of the speial form
solves the master equation
δS
δc
δS
δc∗
+
δS
δΦ
δS
δΦ∗
= 0
Note, that before indiation of the exat form of S the very distintion of variables on ghosts and matter elds
is meaningless.
The standard o-shell symmetri system means just that
So(Φ,Φ∗, c, c∗) = Sm(Φ) + cavia(Φ)Φ
∗
i + f
c
abc
acbc∗c
Here Sm is the invariant ation, f cab are struture onstants of the algebra and v - vetor elds, representing the
Lie (super)algebra.
The on-shell symmetri system is just
Son(φ, φ∗, c, c∗) = Sm(φ) + cavia(φ)φ
∗
i + f
c
abc
acbc∗c + π
ij
abc
acbφ∗i φ
∗
j
i.e. onsists of terms, quadrati both in ghosts and in antields (the elds Φ and φ are dierent).
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The on-shell symmetry orresponds to the loseness of symmetry algebra up to terms proportional to the
equations of motion. The ommon way to get on-shell symmetry is to start with the o-shell symmetrial
systems (with elds Φ) and integrate out auxiliary elds (φaux), so that we will stay with the on-shell elds φ.
However, it may happen that either the o-shell formulation is diult to nd or it involves too many (innitely
many) auxiliary elds.
We are trying to nd the set of auxiliary elds and supersymmetry transformations on them, suh that there
will be no terms quadrati in antields in the BV ation. It happens that this an be done adding 7 auxiliary
salar elds to the lassial part of BV ation [2℄. After that the ation beomes linear in antields, however
the supersymmetry part is non-linear in superghosts.
SGM(Φ,Φ∗, c, c∗) = Sm(Φ) + v(c,Φ)iΦ∗i + f
c
abc
acbc∗c (5)
We all this ation the theory with ghost materialization. Surely, integrating out these auxiliary elds we
get bak the on-shell ation.
Below we will demonstrate all this phenomena in the ase of elebrated N = 1, d = 10 SYM theory.
1.2 Peuliarities of ghost materialization in N = 1, d = 10 SYM: vetor bundle of
auxiliary elds
It turns out that for N = 1, d = 10 SYM the ghost materialization works not for all but for almost all ghosts
that are even 16-dimensional left spinors of SO(10). Namely, the domain B where is works is obtained from
C16 by exluding pure spinors, i.e. those that satisfy
B = C16 − P, P = {ε; (εγµε) = 0} (6)
This is a rst manifestation of materialization phenomenon - ghosts form a nontrivial manifold B rather than
the linear spae.
Moreover, auxiliary elds are setions of the 7-dimensional vetor bundle A → B, taking values in the 10-
dimensional elds in adjoint representation of the gauge group. We will denote them as Gi(x), i = 1, . . . , 7. The
bundle A is equipped with the salar produt (·, ·)A whih will be desribed in the next setion. Here we will
just show the nal result - the BV ation for N = 1, d = 10 SYM oupled to auxiliary elds and materialized
ghosts
1
:
SMSG =
∫
d10x Tr
(
− 1
2
F 2µν + iψγ
µDµψ + (G,G)A − (Dµc)A∗µ + g{ψ, c}ψ∗ − g([G, c], G∗)A + gccc∗+
+ i(εγµψ)A∗µ −
1
2
(εγµνψ∗)Fµν + (G, ψ
∗)10 + i(G
∗, γµDµψ)10+
+ ηµ[(ψ∗∂µψ) +A
∗
ν∂µA
ν + c∗∂µc+ (G
∗, ∂µG)A] + iη
∗
µ(εγ
µε) + ic∗Aµ(εγ
µε)
)
(7)
Integrating out auxiliary elds we get the on-shell ation [1℄ with the terms quadrati in antields
−1
8
(εγµε)(ψ∗γµψ
∗) +
1
4
(εψ∗)2
that was obtained in the approah of [1℄ using the ation
SSUSY =
∫
Tr
(
< P, (Q+Φ)A > + g < P, A2> +
√−i< P, εαQsαA > + < P, ηµP sµA > + iη∗µ(εγµε)
)
(8)
with subsequent Z2 projetion (for details see [1℄). This ation is of the standard supereld type, however, it
ontains innitely many auxiliary elds and Z2 symmetry of the eetive ation is aidental for the present
understanding. That is why we use the materialized ghost approah in this paper. We do believe that the
geometry of the materialized ghost approah would show up in the study of supergravities, where ghosts are
promoted to elds.
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We would like to emphasize that the BV form on the elds G and G∗ is not unity. The ontribution into BV equation is given
by
δLS
δGα
“1
2
(εγµε)γαβµ − ε
αεβ
” δRS
δGβ
The denitions of the salar produts (·, ·)10 and (·, ·)A an be found in the next setion (see also appendix).
3
2 Geometry of the A-bundle
Let us start with the trivial vetor bundle C16 → B and dene its subbundle A as the spae of solutions to
equations:
A = {a ∈ C16, (aγµε) = 0} (9)
Here we have 10 equations on 16 variables, so naively, we may expet 6-dimensional spae of solutions. However,
one may show that for ε ∈ B the spae of solutions is really 7 dimensional, and this dimension jumps for pure
spinors. Therefore, pure spinors are exluded from the base.
For spinors from the base we will onsider the 10-dimensional vetor V (ε):
V µ = (εγµε)
From the Fiertz identity on 10-dimensional gamma-matrixes
(γµ)αβ(γµ)δσ = − 12 (γa)αδ(γa)βσ − 124 (γabc)αδ(γabc)βσ. (10)
we obtain that V is lightlike:
V µV µ = 0,
also
V µγµε = 0 (11)
and for any element a of the bundle A
V µγµa = 0 (12)
To see this one should ontrat the r.h.s. of (10) with εαεδaβ . Dene a trivial bundle E as
E = { ε ∈ C16 }
Therefore, both the bundle A and line bundle E are subbundles of the 8-dimensional bundle C given by:
C = { s ∈ C16 , (εγµε)γµs = 0} (13)
For the proof that the bundle C is 8-dimensional see appendix. Moreover, the bundle C omes equipped with
the non-degenerate salar produt
(s1, s2)C = (s1, γ
µUµs2)10
where for any non-pure spinor ε we dene vetor Uµ, suh that
UµV µ = 1
(14)
and by (·, ·)10 we denote the standard bilinear paring on 16-omponent SO(10) spinors (for the denition in
terms of antiommuting variables see appendix)
(·, ·)10 : SR ⊗ SL → C (15)
From the onstrution it is lear that A is just the orthogonal omplement to E in C:
C = E ⊕A
a ∈ A, ε ∈ E : (a, ε)C = 0
Therefore, the pairing (·, ·)C indues on A the pairing (·, ·)A.
3 Relation to Berkovits proposal
In order to make ontat with Berkovits proposal started in [2℄ we will onsider a path in the base B where
the bundle A may be trivialized. We will look for the orthogonal basis in A that we will all υi(ε) onsidered
as elements of C16, and write
G = Gi(x)υi(ε), G
∗ = G∗i (x)υi(ε)
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therefore, the ation will take the form
SMSG =
∫
d10x Tr
(
− 1
2
F 2µν + iψγ
µDµψ + G
2
i − DµcA∗µ + g{ψ, c}ψ∗ − g[Gi, c]G∗i + gccc∗ +
+ i(εγµψ)A∗µ −
1
2
(εγµνψ∗)Fµν +Giυiψ
∗ − iυiγµDµψG∗i + ηµ[(ψ∗∂µψ) +A∗ν∂µAν + c∗∂µc+G∗i ∂µGi] +
+ iη∗µ(εγ
µε) + ic∗Aµ(εγ
µε)
)
(16)
The lassial invariant ation is given by the rst three terms in the rst line. The supersymmetry transforma-
tions an be extrated from the rst fourth terms of the seond line. They are exatly those suggested in [2℄.
The last term in the ation reets [1℄ the fat that we a working in a ertain gauge (analog of Wess-Zumino
gauge), thus the ommutator of two supersymmetry transformations is losed only up to a gauge transformation
with parameter (εγµε)Aµ. This ation (16) an be onsidered as an o-shell BV formulation of N = 1, d = 10
SYM.
From the denition of υ it follows that
υiγµε = 0
υiγµυk − δik(εγµε) = 0 (17)
Note, that from ompleteness of the basis it follows that
∑
i
υαi υ
β
i =
1
2 (εγ
µε)γαβµ − εαεβ (18)
It should be mentioned that the natural group of symmetry of the system (17) and ompleteness identity
(18) is not SO(7) but SO(8). Namely it is natural to unite ghosts ε and υi into a single SO(8) multiplet
uA = ( ε, υi). The system (17) an be written then as
uAγµuB =
1
8
δAB(uCγµuC) (19)
In supergravity ε beomes a eld. Thus, probably there will be a loal symmetry mixing the ghosts ε and υi.
Integrating out auxiliary elds Gi from the ation (16) on the lagrangian submanifold G
∗
i = 0, one an
obtain the on-shell BV ation
Son-shell =
∫
d10x Tr
(
−1
2
F 2µν + iψγ
µDµψ −DµcA∗µ + g{ψ, c}ψ∗ + gccc∗ + i(εγµψ)A∗µ −
1
2
(εγµνψ∗)Fµν
+ηµ[(ψ∗∂µψ) +A
∗
ν∂µA
ν + c∗∂µc] + iη
∗
µ(εγ
µε) + ic∗Aµ(εγµε)− 1
8
(εγµε)(ψ∗γµψ
∗) +
1
4
(εψ∗)2
)
(20)
found in [1℄ integrating out auxiliary elds from the supereld-like ation (8).
Now we are oming to the main point - what is the dierene between our approah and approah of [2℄?
The dierene is in the setup. In [2℄ it was found linear solution to the system (17). Suh solution an not be
found for the full 16-dimensional spae. This is lear from the struture of relations on pure spinor onstraints.
Namely, in the paper [3℄ it was shown that the Q-ohomologies an be alulated using the tower of fundamental
relations. In ase of 10-dimensional quadris the unique system of these relations is given by
fµ = εγµε
Gµα = (εγ
µ)α
Gαβ = εαεβ − 12 (εγµε)(γµ)αβ
Gµα = (εγ
µ)α
fµ = εγµε
This means that the following relations take plae: Gµα fµ = 0, G
αβ G
µ
β = 0, et. These relations are
valid without imposing pure spinor onstraints fµ = 0. Appearane of 5 relations leads to 6 well known
representatives of ohomologies.
Be there a linear solution to the system (17), the rst equation
υi(ε)γµε = 0
states that there is another relation on Gµα, whih is linear in ε
α
, hene does not oinide with Gαβ . If that is
true, the ohomologies of SYM would be dierent. Thus, there is no suh linear solution.
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The situation is dierent in d = 4, 6, where we do have a linear dependene υi(ε) but the struture of
ohomologies for SYM is also dierent [4℄.
Another argument is the non-triviality of the A bundle [5℄. Be there linear solution to the system (17),
this would imply that the bundle A is trivial. However, we expet that the non-triviality of this bundle an
be measured by the orresponding Pontryagin lass. All this is in aord with [2℄, were the linear solution was
found only on the 9-dimensional subspae of the full 16-dimensional one, where the solution an be linearized.
4 Appendix
The algebra of γ-matries
{γµ, γν} = 2gµν
an be represented by dierential operators
γµ = (ξµ +
∂
∂ξµ
) , µ = 1 . . . 5
γµ+5 = (−i)(ξµ − ∂
∂ξµ
) , {ξµ, ξν} = 0
of odd variables ξµ. These operators at between the spaes of left and right spinors whih are odd and even
funtions of ξµ respetively. This spae is equipped with the Lorentz invariant salar produt
(ψ, χ)10 =
∫
dξ1 ... dξ5iP (χ) ψχ
were P (χ) is the number of ξµ variables in the χ.
To solve the system of equations
uAγµuB = δAB(εγµε) (21)
whih is equivalent to (17) and (19) one an use the fat that the vetor (εγµε) is lightlike and hoose the frame
were
(εγ1ε) = 1, (εγ6ε) = i, (εγIε) = 0, I = 2...5, 7...10 (22)
Using the denitions
γ+ =
1
2
(γ1 + iγ6), γ− =
1
2
(γ1 − iγ6)
one an write the system (21) as
uAγ−u
B = δAB
uAγ+u
B = 0
uAγIu
B = 0
Sine γ− = ∂
∂ξ1
, one an write expliit solution of this system as
uA = ξ
1PA(ξˆ), ξˆ = ξ
2...ξ5 (23)
The spae of PA is 8 dimensional. The orresponding orthonormal basis elements are given by
P+ = 1√
2
(1 + ξ2ξ3ξ4ξ5), P− = i√
2
(1 − ξ2ξ3ξ4ξ5)
P+K =
i√
2
(ξ2ξK + ∂K(ξ
3ξ4ξ5)), P−K =
1√
2
(ξ2ξK − ∂K(ξ3ξ4ξ5)), K = 3, 4, 5
The last thing to mention is that the C-bundle (13) is 8 dimensional. This is lear from its denition in the
light-one frame (22)
γ+s = 0
The general solution of this equation is given by (23), hene is 8-dimensional.
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